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The species—accumulation curve and estimation of species

richness

KARL I. UGLAND, JOHN S. GRAY and KARI E. ELLINGSEN
Department of Biology, University of Oslo, PB 1064 Blindern, 0316 Oslo, Norway

Summary

1. One of the general characteristics of ecological communities is that the number of
species accumulates with increasing area sampled. However, it is important to distin-
guish between the species—area relationship and species accumulation curves. The
species—area relationship is concerned with the number of species in areas of different
size irrespective of the identity of the species within the areas, whereas the species accu-
mulation curve is concerned with accumulation rates of new species over the sampled
area and depends on species identity.

2. Wederive an exact analytical expression for the expectance and variance of the species—
accumulation curve in all random subsets of samples from a given area. The analytical
species accumulation curve may be approximated by a semilog curve. Both the exact
accumulation curve and its semilog approximation are independent of the underlying
species abundance distributions, but are influenced strongly by the distribution of species
among the samples and the spatial relationship of the samples that are randomized.
3. To estimate species richness in larger areas than that sampled we take account of the
spatial relationship between samples by dividing the sampled area into subareas. First a
species—accumulation curve is obtained for randomized samples of all the single subareas.
Then the species—accumulation curve for all combinations of two subareas is calculated
and the procedure is repeated for all subareas. From these curves a new total species
(T-S) curve is obtained from the terminal point of the subarea plots. The T-S curve can
then be extrapolated to estimate the probable total number of species in the area studied.
4. Data from the Norwegian continental shelf show that extrapolation of the tradi-
tional species—accumulation curve gave a large underestimate of total species richness
for the whole shelf compared with that predicted by the T-S curve. Application of non-
parametric methods also gave large underestimates compared with actual data
obtained from more extensive sampling than the data analysed here. Although marine
soft sediments sampled in Hong Kong were not as variable as those from the Norwegian
shelf, nevertheless here the new method also gave higher estimates of total richness than
the traditional species—accumulation approaches.

5. Our data show that both the species—accumulation curve and the accompanying T-S
curve apply to large heterogeneous areas varying in depth and sediment properties as well as
arelatively small homogeneous area with small variation in depth and sediment properties.

Key-words: species accumulation, analytical expression.
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Introduction

One of the primary goals of field studiesin ecology is to
estimate how many species of a given taxon (or all taxa)
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occur in an area. Initially many species are found as
larger areas are sampled and a plot of accumulated
number of species against area sampled rises steeply
at first and then more slowly as the increasingly rare
species are added. The species—accumulation curve may
approach an asymptote for data sets of species that can
be identified easily, such as of plants and breeding birds
in Britain (Rosenzweig 1995) or tropical tree species in
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50-ha plots (Hubble 2001) where it is possible to obtain a
count of all the species present (Colwell & Coddington
1994). For other habitats (or taxa) one cannot expect
to count all the species. Examples are estimating num-
bers of species of beetles in tropical forest tree canopies
(Erwin 1988, 1991) or species inhabiting coral reefs or
marine sediments. In such habitats all that can be done
is to estimate total species richness and the sampling
effort needed to obtain reliable estimates of this rich-
ness. Here we focus on fitting species—accumulation
curves for one of these difficult habitats for which we
have extensive data, namely marine soft sediments.

Gotelli & Colwell (2001) state that for patchy distri-
butions the individual-based rarefaction curves ‘inevi-
tably overestimates the number of species that would
have been found with less effort’. They suggest that it is
preferable to use sample-based species—accumulation
curves that take account of between sample heteroge-
neity, a view with which we entirely concur. Sample-
based species—accumulation curves are plotted from
samples taken randomly within a given area (Gotelli &
Colwell 2001), and take into account the number of
species and their identity, but no information of the dis-
tribution of individuals among species is utilized.

The order that samples are added to the species—
accumulation curve affects the shape of the curve pro-
duced. This variation in the shape of the curve results
from sampling error and heterogeneity among the spe-
cies in the samples (Colwell & Coddington 1994). To
overcome this problem various sample randomiza-
tion procedures have been developed (Colwell &
Coddington 1994; Gray et al. 1997; Colwell 2001; Gotelli
& Entsminger 2001). The traditional method of plotting
a species—accumulation curve starts by calculating and
plotting the mean number of species (and its standard
deviation (SD)) of the smallest sample size. Then all
combinations of the next sample size are randomized
and the mean cumulative number of species is calcu-
lated. This procedure is followed for all sample sizes.
For the randomized sample data, once a curve has been
obtained it can be used to estimate species richness. The
traditional method is simply to extrapolate a parametric
model for the species—accumulation curve to a larger
area for which an estimate is needed. Here we develop
an analytical method which gives exact cumulative num-
bers of species and so obviates the need for randomization
using Monte Carlo techniques and curve fitting.

In the traditional method the curve for randomized
data takes account of variance in number of species
between samples, but does not take into account the
fact that within the total area sampled there may be
heterogeneity between subareas such that one subarea
is species-rich, another subarea species-poor and inter-
mediate subareas of moderate richness. By randomiz-
ing over all samples such heterogeneity is ignored. Here
we take a different approach by recognizing that heter-
ogeneity in species richness can occur within subareas
and that this may have important consequences for
estimating species richness.

Consideration of the covariance structure between
species and between subareas leads to a largely unrec-
ognized aspect of predicting numbers of speciesin large
areas, namely with the addition of new subareas the
new species—accumulation curve will not only cover
a larger area, but will usually also lie above that for
one subarea taken alone. Itis the rate of increase of this
new (and subsequent) species—accumulation curve as
more subareas are combined which leads to the best
estimate of total species richness, and this may be
considerably higher than richness estimates from
application of the traditional species—accumulation
curve approach.

We first develop the analytical approach to the
species—accumulation curve and then illustrate the im-
portance of taking into account covariance structure
of species between subareas.

The analytical species—accumulation (ASA)
approach

In the following study we utilize two data sets. One
is from the Norwegian continental shelf of benthic
species occurringin five areas from a transect of 1960 km
covering 809 species from a total of 101 samples, each
of 0-5 m? (Ellingsen & Gray 2002). The other is from
an extensive survey of the benthos of soft-bottom
sediments over a spatial sampling scale of ¢. 1100 km?in
the territorial waters of the Hong Kong SAR, China.
The data are from 101 samples each of 0-5 m?, and con-
tain 386 species (Shin unpublished).

ANALYTICAL EXPRESSIONS FOR THE SPECIES
ACCUMULATION CURVE, ITS VARIANCE AND
SEMILOGARITHMIC APPROXIMATION

Arrhenius (1921) was the first to fit a model to data on
the increase in number of species with increased size of
the area sampled (see McGuinness 1984 for a good
review of the history of the species—area curve). In
this paper Arrhenius (1921) remarked explicitly that
his power formula, S = S(4) = d4?, was empirical
and should be regarded as an approximation whose
existence was entirely dependent on agreement with
data from lists of flora that he had obtained. Because
his formula calculated the average number of species
growing in an area, Arrhenius also posed the problem of
establishing a stochastic model for species richness in
a subarea a of a large area A. In order to relate area to
species occurrence he assumed that any individual of
any species has the same probability a/4 of occurring in
the subarea a. Now, if », is the number of individuals
belonging to the i-th species, the probability that the
i-th species is not found in the subarea is:

a)"
g(a)= [l - ;J

Thus the probability that the i-th species grows in the
subarea is

eqn 1
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pl@)=1-g(@)=1- [1 - %j eqn 2

As ‘the sum of these probabilities is the probable
number of species on the area’, Arrhenius (1921)
obtained the following analytical expression for the
expected species number in the subarea a:

E[S(a)] = pi(a) + p)(@) + - + ps,(a)

Stor i Stot ni
a a
=Si-{1-£| |=5, -3[1-2Z]| ean3
iﬂ{ ( AJ :| " i=1( AJ

It is important to note here that Arrhenius modelled
the occupancy of each species as random placement of
plants with replacement, but from a statistical view-
point this expression rests on a limit theorem for the
hypergeometric distribution; or as Feller (1950) states:
‘For large populations there is practically no difference
between sampling with and without replacement.’

The obvious generalization to sampling with
replacement is simply to use the hypergeometric distri-
bution rather than the binomial used by Arrhenius.
Similar approaches have been taken more or less inde-
pendently by several authors who examined the distri-
bution of individuals and presence/absence pattern of
species (e.g. Hurlbert 1971; Heck e? al. 1975; Brewer &
Williamson 1980; Coleman 1981; Ney-Nifle & Mangel
1999). All these proposed formulae may be regarded as
variants of Arrhenius’s (1921) original model.

In sharp contrast to the calculation of expectation,
it is much more difficult to find analytical expressions
for the variance. Heck, Belle & Simberloff (1975)
suggested the formula for the variance of rarefaction
curves based on individuals. The problem of finding a
corresponding formula for rarefaction based on sam-
plesis more complex and is still unsolved. In their study
of the presence/absence structure of the species in the
assembly, Ney-Nifle & Mangel (1999) used the hyper-
geometric formula for the presence of species under
sampling a cells without replacement. However, in
order to obtain an expression for the variance, they
derived Arrhenius’ formula for g;(a) by passing to the
limit when A is much larger than the number of cells
and all the occupancies n;are much lower than the total
number of units (cells): n, << 4. Having made the trans-
ition to Arrenhius’s (1921) model (sampling with
replacement) Ney-Nifle & Mangel (1999) derived the
variance of the species number in subarea a by regarding
itasa sum of independent binomial trials (Feller 1950):

Sior

Var([S(a)] = 3 p(@)q,(a)

S-(-sf o)

However, this procedure cannot be applied to accumu-
lation curves because the assumption that all n,<< 4
means that all species must be very rare in the samples.
As such communities are practically never seen, this
assumption should be avoided.

eqn 4

We now turn to rarefaction based on samples. Our
problems are to find an analytical expression for (1) the
average accumulation curve under all possible permu-
tations of all the samples, i.e. the analogue to Hurlbert’s
(1971) formula for individual based accumulation
curves, and (2) the corresponding variance, i.e. the ana-
logue to Heck ef al.’s (1975) formula. The advantage
with such analytical expressions is that it will be no lon-
ger necessary to re-sample with Monte Carlo techniques.

It is important to note that the accumulation curve
of species richness in samples is defined as the average
number of species under all possible permutations of
these samples. As such the samples are independent as
they may occur anywhere in a random permutation.
Thus the accumulation curve will simply be the average
species number in a random collection of a samples
from the existing 4 samples (i.e. a is one of the integers
1,2,3,..., A). When this is realized, Problem 1 becomes
trivial. First we need a minor redefinition of the para-
meters: 4 is now the total number of samples, while ais
the size of the random subsample, i.e. a is one of the
integers 1, 2, ... , 4, and n, is the number of samples
where the i-th species is observed. Further, the number
of observed species in all the 4 samples is denoted S,,,.
Because the number of any species in a random sub-
collection has a hypergeometric distribution (Feller
1950), the arguments given by Arrhenius (1921) (i.e.
using indicator functions whose expectation is the
probability of occurrence) leads directly to an exact
expression for the expected number of species:

eqn 5

o
AS@)=3[1--2 |- 5, -FL ¢

BENE

Note that this formula for the average accumulation
curve under all possible permutations of the samples is
an Arrhenius type of expectation under sampling with-
out replacement, and therefore has the same form as
the curves obtained by random placement of species
over a grid as developed by (Hurlbert 1971; Coleman
1981; Williamson 1988; and Ney-Nifle & Mangel
1999). Expanding the binomial ratio (the probability of
not being present in a randomly selected sample):

(A—n,j (A4 -n)!

a ) a(Ad-n -a)
A A
[aj a(A4 - a)!

(g5

we arrive at an expanded form for the average species
number at each stage of the accumulation:

g(a) =
eqn 6

Sobs

EIS@]=S4, ~ Y.4/a)

Sotn a a a
B ”b*"'%[I_ZJ(I"I—T]"'[I‘A—(::,—1))

eqn 7



891
The species—area
relationship

© 2003 British
Ecological Society,
Journal of Animal
Ecology, 72,
888-897

From this expression we see that if the total number of
samples is large in comparison with the occupancy
number for each species, n, << A4, then:

a3 35

which is Arrenhius’s (1921) expression. However, this
transition is biologically unrealistic as many species are
likely to be represented in more than 10-20% of the all
the samples, so the requirement that »,/4 shall be close
to zero is seldom fulfilled and must therefore be avoided.
For subsequent analysis we need a more compact
form of the expression for the accumulation curve. Let
R, be the number of species that are observed in exactly
k samples. Note that the sum of the R;s is S, so the
frequencies, R,/S,,, (k =1, ... , A) form a probability
distribution which contain information about how the
species are represented over the various samples, and
therefore we call this the ‘representation distribution’.
The species—accumulation curve is defined as the
expected number of species, E(S,), in a random subset
ofa=1, ..., A samples. In Appendix I we show that the
average number of observed species in any subset of
samples may be expressed in terms of the species
number S,,; and the representation distribution:

< a a
E[S(@)] = S [1 - ;(1 - Zj(l - J

-—2  |R
A= (k=1)) S

The covariance structure between the species occur-
rences is complicated in the general case. Further, it is not
permissible to reduce the problem to a binomial case
by letting the sample size tend to infinity. Therefore the
only possibility is to use combinatorial arguments in the
development of an exact formula for the covariance.
Because this is a purely statistical exercise, we put all the
arguments and the final analytical expression into
Appendix I.

eqn 9

Similarly, it is also complicated to find a com-
pact approximation formula to the exact species
accumulation curve. We have solved this by using a
combination of linear regression, numerical analysis
and approximation by infinite series. Because this
is a purely mathematical exercise, we put all the
arguments and the final analytical expression into
Appendix II.

Results

Figure 1 shows the comparison of the species accumu-
lation curves produced by the analytical formula and
simulation by randomizing the samples with EstimateS
(Colwell 2001). The two curves are almost exactly sim-
ilar thus the new analytical method is to be preferred to
the randomization method.

Figure 2 shows results for the standard deviations of
the analytical formula and the randomization pro-
cedure (EstimateS) for the two areas studied. Initially,
with small samples estimates of species richness vary
considerably but after ¢. 20 samples both methods
settle down, although of course the exact analytical
method has more constant variance.

In order to approximate the accumulation curve
we first derive an approximation to the representation
distribution. This utilizes the empirical form of the
representation distribution found in the Norwegian
shelf (Fig. 3). Note that the observed representation
distribution follows a straight line on a log-log scale
(R? = 0-94). Appendix II then shows how this implies
a semilogarithmic form of the sample-based species—
accumulation curve.

ESTIMATING TOTAL SPECIES RICHNESS IN
AN AREA

The traditional way of estimating species richness of
areas larger than that sampled is to randomize samples
and plot the species—accumulation curve and then fit a

(a) L (b)
800 L 400

("]
2
g 300

| i
@ 600
k-]
A
é 200 |
S 400 +
c
®
5 100
E 200t
("}
w

o L
olb—ro . . . . . . ’ . . . .
0 20 40 60 80 100 0 20 40 60 80 100

Cumulative number of samples
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Fig. 1. Comparison of the species-accumulation curves produced by the analytical formulae and simulation by randomizing the
samples with EstimateS. (a) The North Sea; (b) Hong Kong. Not all the data points are shown for clarity. A = Analytical model;

M = EstimateS.
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Fig. 2. Comparison of the standard deviations of the species-accumulation curves produced by the analytical formulae and
simulation by randomizing the samples with EstimateS. (a) Norwegian continental shelf; (b) Hong Kong. A = Analytical model;

M = EstimateS.

Table 1. Summary of estimates of total species richness for the Norwegian continental shelf and Hong Kong SAR

Extrapolation of

Area Species observed species—accumulation curve Chao 2 ICE T-S curve
Norwegian shelf 809 1192 1035 989 5403
Hong Kong SAR 386 780 549 530 2254

- 6- y= ;12'25; ;45'28 model to the curve (see Bunge & Fitzpatrick (1993) and

§ 1 Colwell & Coddington (1994) for a review). For example,

§. 8 Colwell & Coddington (1994) used a hyperbolic model

Sc to extend the species—accumulation curve. Here we use

é ' the semilog estimate, for the areas covered by samples

2 for the Norwegian shelf and Hong Kong (505 m? in

£ > ) ) ) ) ) ) , both cases) are, respectively: Norwegian shelf 3773

0-0 0-5 1.0 15 20 2:5 3.0 35
In (number of samples)

Fig. 3. The number of species, R, representedink=1, ... ,20
samples on a log-log scale in the pooled 101 samples from the
Norwegian continental shelf.

species and Hong Kong 1745 species, Table 1.

To estimate the number of species in the whole area of
the Norwegian shelf we have used the following method.
The data consist of 101 samples from five large areas.
We want to find the average species—accumulation
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Fig. 4. The species—accumulation curves for all combinations
of, respectively, one to five subareas surveyed on the
Norwegian continental shelf. The total species projection
curve (T-S) is a smooth curve through the average total
number of species in all five combinations of the five areas.

curves for the total area sampled (sum of the five sub-
areas); that is, the average values when one, two, three,
four or five subareas are drawn at random. The number
of possible combinations are: five for one subarea, 10
for two subareas, 10 for three subareas, five for four
subareas and just one possibility for the total area.
Because the samples in the five subareas have the fol-
lowing number of samples, respectively, 16, 19, 20, 21
and 25, the sample allocated to the combination of one,
two, three, four and five areas will be 16, 16 + 19 = 35,
16 +19+20=155,16+ 19 + 20 + 21 = 76 and all sta-
tions = 101. First calculate the species—accumulation
curve for all combinations of one single subarea. This
gives the bottom curve in Fig. 4 and terminates at 307
species. Thus 307 is the average of five ways to draw one
subarea from five subareas. Then we constructed a
curve for all combinations of two subareas and this
gives 502 species, which is the average of 10 ways to
combine two subareas from five subareas and so on,
until finally 809 is the average of only one number (as
there is only one way to combine all five subareas). The
most interesting feature of our procedure is that the
species—accumulation curve is steeper each time a new
combination of subareas is included. Thus a separate
curve is derived for successive random combinations of
subareas one to five. We postulate that the reason for
this increasing steepness is that the incorporation of
samples from a new subarea will add relatively many
new species and thereby increase the average number of
species per combined sample.

In order to estimate the total species richness in a
large area one needs to find a model that will estimate
this upward shift of the species—accumulation curve.
The rate of increase in the total species—accumulation
curve (T-S) is the increment in the ratio between the
current species number and logarithm of the number of
samples, i.e. the rate of change of S/In(c). When the sub-
areas are pooled, the species number increases faster
than the logarithm of number of samples, and therefore
the species—accumulation curve is raised.

y =273-53x — 458-99

900
R?=0-99

800 |
700 -
600 |
500 |
400 |
300
200 |
100 |

0 Y S TR T N R
2.5 3 35 4 4.5 5

In (number of samples in areas)

Number of species

P T S S S W T S S R SR S S

Fig. 5. Regression of the average number of species in all
combinations of, respectively, one, two, three, four and five
subareas from the Norwegian continental shelf against the
logarithm of the number of samples in each of the subareas.

Figure 5 shows the species numbers from the ter-
minal point of each of the subarea plots (307, 502, 633,
728 and 809) plotted against the logarithm of the cor-
responding number of samples (16, 35, 55, 76 and 101).
Over 99% of the variability is explained and therefore
justifies why we believe the extrapolation is a semilog
function, here of the form:

S = 273-5 * In(a) — 459 (10)

Although we are acutely aware of the dangers of
extrapolation beyond the data set, it is of interest to see
whether or not our method gives realistic results. Our
best estimate of species richness in a larger area than
that sampled is obtained by use of equation 10. We pre-
dictthatif anew area of the same size as that of thetotal
area sampled is added, the total number of species will
increase by 2735 * In(2) = 190, giving 999 species. In
order to make an estimate of the total species richness
of the continental shelf we make the following assump-
tions. The total area sampled from the Norwegian con-
tinental shelf is 50-5 m*. One sample is the sum of five
replicated grabs, the sampling units, each of 0-1 m”.
Here we assume that because the grab was on a wire of
up to 434 m (the maximum depth sampled) the five
sampling units are probably from an area of the order
of 100 m>. The samples themselves were collected from
five large subareas covering in total c. 81 300 km?.
Assuming that one sample is representative of 100 m?,
an extrapolation yields 273-5 * In(813 000 000) — 459 =
5152 species. Furthermore, assuming that the total shelf
area is 2-5 times the area covered by the five subareas,
the species richness on the whole continental shelf is
estimated to be 5152 + 273-5 * In(2-5) = 5403. As with
the randomization procedure and curve-fitting proced-
ure, as yet there are no means of estimating the vari-
ance of the extrapolated estimate of species richness.

Figure 6 shows an analysis of data from marine sed-
iments from coastal areas of Hong Kong. The data are
extensive, covering 101 samples of 0-5 m? a sampled
area of 50-5 m? with a total of 386 species. We divided
the data set into five subareas based on knowledge of
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Cumulative number of species

1 6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81 8 91 96 101
Number of samples

Fig. 6. Data from Hong Kong calculated as in Fig. 4 showing
little variability between five subareas. Number of points
reduced for clarity.

the hydrographic conditions and geography. The
results are shown in Fig. 6. While there is clearly much
less heterogeneity in species richness between sub-
areas to that shown for the Norwegian continental shelf,
nevertheless the T-S curve leads to higher predictions
of richness compared with the traditional species—
accumulation curve, Table 1. The total area sampled
is 50-5 m? and we calculate the total area of sediment in
coastal Hong Kong coastal to be 1088 km?, giving an
estimate of 2254 species. Thus, even though there is
considerably less variability between subareas never-
theless our new method leads to a quite considerably
increased estimate of species richness.
Non-parametric methods also have been used exten-
sively to estimate total species richness of an area (see
Colwell & Coddington’s 1994 review). Here we have
used just two, Chao 2 (Chao 1984) and ICE (Chao et al.
1993). Applying these methods to the continental shelf
data (Table 1) the Chao 2 estimate gave 1035 + 42 and the
ICE estimate 989 species. For Hong Kong the estimates
for Chao2 and ICE are 549 + 43 and 530. However,
neither of the two non-parametric methods approached
an asymptote and the predicted number of species are
much less than those predicted by the other methods.

Discussion

There has been much discussion as to whether the
species—area relationship is, following Arrhenius 1921),
a log-log relationship or a semilog relationship as
proposed by Gleason (1922) (see Williams 1964;
McGuiness 1984; Rosenzweig 1995; Connor & McCoy
1979, 2001 Martin 1981; and Gotelli & Colwell 2001
for discussions of this issue). Differences in goodness-
of-fit have been attributed to differences in the size of
areas studied. For example, Palmer (1990) analysed
plant species in a hardwood forest and concluded that:
‘an ecologist interested in comparing species richness
can choose any estimator except the log—log model’.
Yet he operated over only a small range of areas (2 m’*~
15 ha). Krebs (2001), however, suggested that the log—
log model applies between ¢. 4000 m? and 4-10° km?. He
& Legendre (1996) analysed a species-rich assemblage
and concluded that ‘the exponential model (semilog) is
only appropriate for small sampling areas, the power

model is the best for intermediate sampling areas and
the logistic is the best for large-scale sampling ... and
that there is no model that is universally best, all
depending on sampling scales’.

We believe that the scale of the study may not be
relevant, but rather what is actually being measured.
Rosenzweig (1995) acknowledges Watson’s 1859 study
as the first species—area plot showing numbers of
species of plants in increasingly larger areas, beginning
with parts of the county of Surrey, then South Thames,
Southern England and Great Britain, and Watson
found a log-log species—area relationship. Similarly,
Arrhenius (1921) analysed numbers of species of plants
on 13 islands of varying sizes in the Stockholm archi-
pelago and derived his famous log-log relationship
between species and area. In these studies the identity
of the species was not taken into account. Thus the
species—area relationship is concerned only with the
number of species in the different sizes of area sampled.
Species—accumulation curves, on the other hand, take
account of the identity of the species and plot the rate
of accumulation of the new species sampled as samples
of identical size are pooled over the total area sampled.
It is not surprising to us that studies of very small areas
approximate a semilog curve (e.g. McGuinnes’s 1984
study of species on rocks in the marine intertidal zone
of up to only a maximum size of 1400 cm?). In such
cases the curves mainly measure rates of accumulation
of species, but of course the samples are not randomized.
Thus we contend that the species—area relationship is
log-log and species—accumulation curves semilog.

The analytical method that we have developed does
not depend on an underlying distribution of indi-
viduals among species and gives exact fits to data, which
are almost identical to the randomization in Colwell’s
EstimateS software (Colwell 2001). We believe that this
method for calculating exact species—accumulation
curves has clear advantages over the randomization
procedures and fitting parametric models, although
obviously with a large number of randomizations the
results will be extremely similar for the two methods.
We provide the algorithms in an Excel spreadsheet
(available for download at http://folk.uio.no/johnsg).

Extrapolation from without the bounds of a data set
is always a dangerous procedure. However, estimates
of species richness are often needed, for example for
setting priorities for conservation. The data from the
Norwegian continental shelf suggests that taking
account of the heterogeneity of species richness in sub-
areas leads to a much higher estimate of species richness
via extrapolation. Colwell & Coddington (1994) distin-
guish between species—accumulation and species—area
curves. They define species—accumulation curves as
referring to data sets from local species assemblages
in an area or habitat that is roughly homogeneous,
both spatially and temporally, whereas species-area
curves cover large-scale biogeographical patterns com-
prising explicitly heterogenous areas. Our data from the
Norwegian continental shelf cover a large area (15° of
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latitude), a wide range of sediment types and depths, yet
the data clearly fit the semilog species—accumulation
curve. The data discussed here from the Norwegian con-
tinental shelf are clearly from heterogenous subareas,
yet the analytical species—accumulation curve for the com-
plete data set (Fig. 4) (and the semilog approximation)
fits the data extremely well. Thus application of a species—
accumulation curve rather than a species—area plot
as recommended by Colwell & Coddington (1994)
seems appropriate. The Hong Kong data, on the other
hand, are from environmentally homogeneous subareas
and again the analytical species—accumulation curve
fits and the relationship is semilogarithmic.

Table 1 shows that the traditional methods that
have been used, such as the non-parametric methods
and extrapolations from models fitted to randomized
species—accumulation curves, give estimates which
are in fact lower than the number of species known to
occur on the Norwegian continental shelf. The num-
ber of species in the database of all samples taken on the
Norwegian continental shelf from many more surveys
than the few considered here is 2500 species. The esti-
mates derived by the T-S curve for the Norwegian con-
tinental shelf is 5403 species and for Hong Kong SAR
2254 species. Because all surveys conducted on the
Norwegian continental shelf have covered only a small
fraction of the total area of the shelf, the estimate that
we are likely to find c. double the number of species known
seems reasonable. Interestingly, May (1992), in discuss-
ing Grassle & Maciolek’s (1992) estimates of how many
species were likely to be found in the deep sea, sug-
gested that rather than their estimate of 10 million
species he would guess that roughly double the known
number of species at 500 000 are still to be found. Our
finding that the TS extrapolation gives an estimate of
double the number of species found supports May’s
intuition! The most important aspect is that the tradi-
tionally used methods give large underestimates of
species richness, which is a serious problem in relation to
conservation of biodiversity. As they are gross extra-
polations, our estimates of richness on the Norwegian
continental shelf and in the Hong Kong SAR may also
prove to be underestimates, but we are convinced that they
are better than those produced with traditional methods.

One neglected aspect that needs to be considered
is that in testing the estimates from extrapolations of
the species—accumulation curves is that a number of
‘typical’ or ‘classical’ data sets have been used. These
include Butler & Chazdon’s (1998) seed-bank data
used in the EstimateS software (Colwell 2001),
Palmer’s (1990) data on plant species in hardwood
stands and Coleman ef al.’s (1982) data on breeding
birds in Pennsylvania—-Ohio. A characteristic of all
these studies is the small number of species found (32,
¢. 100, and a maximum 35 per island studied, respec-
tively). With marine data sets we routinely operate with
hundreds of species (Grassle & Maciolek 1992; Gray
et al. 1997; Ellingsen & Gray 2002); yet only He &
Legendre’s (1996) analysis of tree data from a tropical

forest in Malaysia with 783 species approaches the
richness of the marine data. More attention needs to be
given to species—accumulation relationships of species-
rich assemblages. With the destruction of tropical
forests, coral reefs and coastal habitats there is an
urgent need to develop techniques that allow us to make
comparative analyses and reliable predictions of the
richness of these species-rich assemblages. We have
demonstrated that our new method may be generally
applicable to a wide variety of data and gives sound
estimates of the species richness of larger areas than
those sampled; however, more tests are clearly needed.
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Appendix I

EXACT EXPRESSIONS FOR THE EXPECTANCE
AND VARIANCE OF THE SAMPLE-BASED
SPECIES—AREA CURVE

Let the data consist of a collection of 4 = 100 samples
containg S,,, = 800 species with occurrence frequencies
R, = number of species represented in & of the samples
(k=1,2,3,...,100). Note that R, + R, + ... + R,
= 800. Suppose now that we select ‘a’ samples ran-
domly from the collection of 100 samples and observe
S, species. The problem is to find Var(S,).

Itis convenient to make use of the indicator variables
I, L, ..., Iy,defined as I;= 1 if species number i is con-
tained in one of the selected samples, and I, = 0 if this
species is not represented. Then S, =1, + I, + ... + L,
S0:

E(S)=E(I)+ E(I)+ ... + E(I g))
(this equation was used by Arrhenius)

Var(S,) = E(S2) - E(S,)}

where:

800

E(S2)=Y E(I})+2Y E(I))
=1

i<j

Thus, the problem is reduced to calculate the mean
value and covariances of the indicator variables (»,1s the
number of samples where the i-th species is observed):

E(I)=P{I =1}=1-P{I, =0}
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E(I?)=P{I, =1} =1~ P{, =0}
E(ILI)=P{,=1,1,=1}=1- P{I,=0or I, = 0}

By expanding the binomial fraction we get in the gen-
eral case:

A-a a a
E[S(a)] = Sab.{l - ;(1 - ;](l Ta- 1)

-—2 R
A-(k-1)s,,

The term R,/S,;, is recognized as the fraction of
species which is represented in k samples, and may
be regarded as a summary statistic of the community
structure. It should also be remarked that the reason
for stopping the summation at A — a is simply that all
species that are represented in more than 4 — a samples
must be represented in any subset of a samples.

With this expression for E(S,) we need only an
expression for E(II) = P{I,= 1, I,= 1} to find an ana-
lytical expression for the variance of S,. Again, it is easier
to calculate the complementary event, {I,;= 0 or [, =
0}, whose probability follows from the elementary
addition law:

PI,=0UI, =0}
=P, =0+ P, =0} - P{I,=01,=0}

To calculate these probabilities we need the quantities:
T,y = Number of samples in the collections where the
i-th but not the j-th species is represented.
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T,, = Number of samples in the collections where the
J-th but not the i-th species is represented.

Ty = Number of samples in the collections where nei-
ther the i-th nor the j-th species is represented.

The only way that the i-th species can be lacking from
the subset of a samples is when all samples are chosen
from the T, + T, samples that do not contain the i-th
species. From this viewpoint it is realized that the
probability that the a random samples contain both
the i-th and the j-th species is given by:

EUL)=P{I, =101 =1}

Ty, + Ty Ty + Ty Ty,
i a a a

Because S = I +...+ I§ + 211, +...+ 2, I the
variance of the cumulative species number may be written

Sobs
var(s,) = Y E(I2) + 23 E(LI)) - [E(S,)F

i=1 i<j
But E (I?) = E(I), so the sum of E(I?)is recognized
as E(S,). Hence the general analytical expression for
the variance of the number of species in a random sub-
collection of a samples is given as:

Var(S,) = E(S,) - [E(S)I* +2 Y, E(I))

1<i<j< S,
Appendix II

SEMI-LOGARITHMIC APPROXIMATION TO
THE SAMPLE-BASED SPECIES—AREA CURVE

In the approximation of the accumulation curve we are
most interested in the properties at the tail of the func-
tion E(S(a)), as contrary to our intuition, many of these
curves seems to have no asymptote. Obviously, the
behaviour at the tail depends on the form of the repre-
sentation distribution over the subset of rare species.
From our study of the Norwegian continental shelf
data it is sufficient to consider the species that are rep-
resented in fewer than 20 samples; that is, the values

from R, to R,, determines the asymptotic behaviour of
E(S,). Figure 3 shows that the representations of this
subset of species on the Norwegian continental shelf
may be fitted surprisingly accurately on a logarithmic
scale. Over 94% of the variability is explained and
therefore indicates that a collection of 4 samples con-
taining S,,, species has a representation distribution
quite close to:

Rk k—l~05

=
Sobs 2 Jo105
k=1

The numerical value of the denominator is:

A
Yk = 4698244

k=1

so with the aid of linear regression, the accumulation
curve may be approximated as:

1 - a a
Bist = S|~z 215155

a 1
l-—2 |
( A- (k- I)Jk"‘”]

Thus the problem is now reduced to approximate the
function:

o a a a 1
S T P PR T

Numerical calculation shows that the function—0-8999 In(a)
+ 4-2006 fits L(a) with R* = 0-9967, implying a semi-
logarithmic approximation:

I
EIS(@)] = Sy |1~ ———
Sl ””‘[ 4698244

=019S,,, In(a) + 011S,,,

(~0-89991n (a) + 4~2006)]

The underlying reason why the function L(a) decreases
as the logarithm of a may be seen by replacing k™% by k™!
and apply the Arrhenius approximation 1 —a/(4 - k) =
1 -al/A. The sum is then recognized as the integral of
the geometric series with coefficient (1 — a/4), and conse-
quently In(a) emerges in the approximation.



